Journal of Applied Mathematics, Islamic Azad University of Lahijan, Vol.8, No.4(31), Winter 2012, pp 7-13
ISSN 2008-6083

Convergence of the Fuzzy Sequence of Successive
Approximations to a Fixed Point

H. Rahimi’
Department of Mathematics, Central Tehran Branch, Islamic Azad University, Tehran, Iran.

Abstract
In this paper, the existence of the fixed point of fuzzy sequence of successive approximations is
proved. For this idea, the 7 —distance is defined and some theorems are proved in detail.
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1 Introduction

The Banach contraction principle and fixed point theorem are forceful tools in nonlinear
analysis, control theory, economic theory, and global analysis. These theorems are
extended by several authors.

The theory of fuzzy functions and its application has increased recently due to the
industrial interest of fuzzy control. Moreover, in view of the development of the calculus
for fuzzy functions, the investigation of fuzzy differential equations has been initiated and
the existence and uniqueness of solutions of fuzzy initial value problem was considered
under a Lipschitz condition [1, 2]. The basic result such as existence, uniqueness,
continuity with respect to initial values and global existence, are proved by developing
the needed general comparison principle which helps to understand the intricacies
involved in incorporating fuzziness in differential equations [3].

Recently, the above concept has been extended to the integro-differential equations
by Balasubramaniam and Muralisankar, [4].

Existence of fixed points in partially ordered sets has been considered recently in [5,
6, 7]. In [8, 9] some fixed point theorems are proved for a mixed monotone mapping in a
metric space endowed with a partial order and the authors apply their results to problems
of existence and uniqueness of solutions for some boundary value problems.

2 Basic concept

A nonempty subset 4 of R is called convex if and only if (1-k)x+kye A for every
x,yeA and ke€[0,1]. By p,(R), we denote the family of all nonempty compact

convex subsets of R .
There are various definitions for the concept of fuzzy numbers ([10, 11]).

Definition 2.1 A fuzzy number is a function u:R —[0,1] satisfying the following
properties:
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(1) u isnormal, ie. dx, e R with u(x,) =1,
(1)) wu 1s aconvex fuzzy set (.e. u(Ax+(1—-2)y) = min{u(x),u(y)}Vvx,ye R,A €[0,1]),
(111) u is upper semi-continuous on R,

(iv) {xeR:u(x)>0} is compact, where A denotes the closure of A .
The set of all fuzzy real numbers is denoted by E . Obviously Rc E. Here RcC E
is understood as R= { y :x 1is usual real number}. For 0<r<I ,6 denote

[u] ={xe Ru(x)>r} and [u],={x € R;u(x)>0}. Then it is well-known that for any
r€[0,1], [u]. isabounded closed interval. For u,ve E,and A€ R, where sum u+v
and the product Au are defined by [u+V] =[u] +[v]., [Au] =Au]., Vrel0,1],
where [u] +[v] ={x+y:xe[u].,y<[v].} means the conventional addition of two

o

intervals (subsets) of R and A[u] ={Ax:xe[u] } means the conventional product

between a scalar and a subset of R (see e.g. [10, 12].
Another definition for a fuzzy number is as follows:

Definition 2.2 An arbitrary fuzzy number in the parametric form is represented by an

ordered pair of functions (u(r),u(r)) , 0<r<1, which satisfy the following
requirements:

e u(r) is a bounded left-continuous non-decreasing function over [0,1].
o ;(r) is a bounded left-continuous non-increasing function over [0,1].

o u(r)<u(r), 0<r<1.

A crisp number « is simply represented by u(r)= ;(r) =a, 0<r<I1. We recall
that for a<b<c, a,b,c € R, the triangular fuzzy number u = (a,b,c) determined by

a,b,c is given such that u(r)=a+(b—c)r and ;(r) =c—(c—b)r are the endpoints of
the r-level sets, for all »€[0,1]. Here g(r)ZZ(r)Zb and it is denoted by [u],. For

arbitrary u = (g(r),;(r)), V= (y(r),x_/(r)) we define addition and multiplication by k&
as

o @)= @) (),
o @)= @) (),

o (ku)(r)=ku(r).(ku)(r)=ku(r), k20,
o () =ku(),(ku)r)=ku(r). Kk <0.

In this paper, we represent an arbitrary fuzzy number with compact support by a pair
of functions (g(r),;(r)),os r<1. Also, we use the Hausdorff distance between fuzzy
numbers. This fuzzy number space as shown in [13] can be embedded into Banach space
B= E[O,l]x E[O,l] where the metric is usually defined as follows: Let £ be the set of all

upper semicontinuous normal convex fuzzy numbers with bounded r —level sets. Since
the r — cuts of fuzzy numbers are always closed and bounded, the intervals are written as
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ulr]= [g(r),;(r)], for all ». We denote by @ the set of all nonempty compact subsets
of R andby w, the subsets of @ consisting of nonempty convex compact sets. Recall
that

p(x, A) = min Px—aP

acA

is the distance of a point x e R from A e® and the Hausdorff separation p(A4,B) of
A,B e w is defined as

p(4,B) = max p(a,B).

acA

Note that the notation is consistent, since p(a,B) = p({a},B). Now, p is not a metric.
In fact, p(4,B)=0 if and only if 4 < B. The Hausdorff metric d,, on w is defined
by

dH(AaB) = max{p(AaB)ap(BaA)}
The metric d is defined on E as
d, (u,v)=sup{d, (u[r],v[r]):0<r<1}, u,veE.

for arbitrary (u,v)eE[O,l]xE[O,l]. The following properties are well-known. (see e.g.
[11, 12])

o d u+wy+w)=d_ u,v), Yuy,w eE,

o d (ku,kv)=kl|d, (u,y), VkeRuy eFE ,
e d wu+v,w+e)<d (uw)+d,_ (v,e), Yuy w,eck,
e d (uy)=d, (v,u), Yu,v €E .
Theorem 2.1

— —_—

If we define 0= y,, then O e £ is a neutral element with respect to addition, i.e.

P

u+0=0+u=u, forall uek.

e With respect to 0, none of u € E\R, has opposite in E .

e For any a,beR with a,b>0 or a,b<0 and any wueFE , we have
(a+b)u=au+bu ; however, this relation dose not necessarily hold for any
a,b e R, in general.

e Forany A€R andany u,ve E,wehave A.(u+v)=Au+Av.

e Forany A,ueR andany ue E,wehave A.(uu)=(A.u)u .(see[12])
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Definition 2.3 Let £ be a set of all fuzzy numbers, we say that f(x) is a fuzzy
functionif f:E —> E.

Definition 2.4 The fuzzy function f:E — E 1s continuous if for arbitrary fixed
x,€E and >0, exists 6 >0 such that

d,(x,%) <6 = d (f(x),f(x))<¢e

Definition 2.5 Let f:F — E is a fuzzy function. Then f is non-decreasing fuzzy
function if for arbitrary fuzzy numbers x, and x, we have

d,(x,0)<d, (x,,0) = d, (f(x).0)<d, (f(x,),0)

or
x,°%, = f(x)° f(x,)

Definition 2.6 For arbitrary fuzzy numbers u# and v, define the ranking of u and v by
the Hausdorff metric on F, i.e.,

e uv meansthat d, (u,a) <d, (v,a)
e uy*v meansthat d (u,a) >d, (v,a)

e wu:v meansthat d_(u,0)=d_(v,0)

3 Main results

In the this section, we are going to study the uniqueness and existence of solutions to the
periodic first-order fuzzy differential equation with boundary value.

Definition 3.1 Let (£,d,) be a metric space. Then a function p from ExFE into

[0,00) is called a fuzzy 7 —distance on E if there exists a function 7 from FE x[0,0)

into [0,) and the following are satisfied:

e plx,z)<plx,y)+p(y.z), Vx,y,zek,

e 7n(x,0)=0a and n(x,t)>¢t for all xe E and ¢t €[0,0) and 1 is concave and
continuous in its second variable,

® limx,=x and lim,sup{n(z,.p(z,.x,))|m=n}=0 mmply p(w,x)<liminf,0(w,x)
forall weFE,

* lim,sup{p(x,,y,)m 2n}=0 andlimmn(x,.t,)=0 imply that limn(y,.z,) =0,

* limn(z,,p(z,,x,)=0 andlimn(z,,p(z,,y,)) =0 imply that limd.(x,,y,)=0.

Lemma 3.1 Let (£,d_) be a complete metric space and let p be a 7 —distance on
E . Assume that a sequence {x,} in FE satisfies lim,sup{p(x,,x,)|m>n}=0,
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lim, p(x,,»)=0,and [im,p(x,,z)=0.Then d_(y,z)=0.

Proof. Using Definition 3.1, the proof'is clear.
Theorem 3.1 Let (E,d,) be a complete metric space and let 7 be a mapping on £.

Assume that there exist a 7 —distance, p,r €[0,1), and M €[0,0) such that
p(Tx,T?x)<rp(x,Tx), xe€kE

Assume the following:

(i) If lim,sup{p(x,,x,)|m >n}=0,lim,p(x,,Tx,)=0,and lim,o(x,,y)=0, then
d,Ty,y)=0

Then there exists x, € E such that d_(Tx,,x,)=0 and p(x,,x,)=0.

Proof. We shal prove 7' has fixed point x, with p(x,,x,)=0 in case (i). Fix ue E

and put u, :=T"u forall ne N. Thenif m>n, we have

m—l1 m—1

pu,u,) < pQuu,) <D r plu,u) <
k=n k=n

rn

pu,u,)

1-r
and hence

lim sup{po(u,,u,)|m>n}=0.

So, {u,} 1s a Cauchy sequence. Since (E,d,) be a complete metric space, {u,}

converges to some point x, € £ . From third condition in Definition 3.1, we have

lim sup(p(u,,Tu,)+ p(u,,x,)) <lim sup(p(un,um% lim inf p(unaum)) *3mm
< 2lim sup p(u,,u,,)*3mm
_ 0 m>n

therefore d_(Tx,,x,) =0 from (i). Further we obtain
p(x,%,) = p(Tx,,Tx,) *3mm
<rp(x,,Tx,)*3mm

=rp(Xe,%,)

thus, p(x,,x,)=0.

Theorem 3.2 Let (£,d_) be a complete metric space and let 77 be a mapping on E.
Assume that there exist a 7 —distance, p,r €[0,1), and M €[0,0) such that

p(T, T°x) < rp(x,Tx),  p(Tx,T¥) < Mp(x,y), x,yeE (1)

Then
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{T"x} convergesto a fixed point for every x € E. (2)

Moreover, if d_(7z,z)=0,then p(z,z)=0.
Proof. Assume that [im,sup{p(x,,x,)|m>n}=0 , lim,p(x,,7x,)=0 , and
lim, p(x,,») = 0. Then we have

p(x,,Ty)< p(x,,Tx,)+ p(Ix,,Ty) < p(x,,Tx,) + Mp(x,, ) (3)

and hence, lim,p(x,,7y)=0. By Lemma 3.1, we obtain d_(7y,y)=0. By Theorem
3.1, we obtain the desired result.

4 Conclusion

In this work, we studied the existence of the fixed point of fuzzy sequence of successive
approximations. For this idea, we defined the 7 — distance and then by suing this
definition, we proved some theorems in detail.
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