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Abstract

In this paper, uniqueness theorem is studied ferdiffusion operator on a finite interval with
separated boundary conditions. The oscillationhef ¢igenfunctions corresponding to large
modulus eigenvalues is established and an asyromtbthe nodal points is obtained. By using
these new spectral parameters, uniqueness thesienmved.
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1 Introduction

Differential equations with nonlinear dependencetioa spectral parameter arise in
various problems of mathematics as well as in appbns, for example, the diffusion
operator (see [1,2] for details). Inverse probleofsspectral analysis consist in
recovering operators from their spectral charastied. For differential pencils the
inverse problem were studied in ([3-6]) and otherks. We consider the problem

Ly(x):= Y(Q+(0*-20q(3- g( ) ¥ =0, 0< x1, (1)
U(y):= y(0)- hy(0)=0, V(y)= Y@+ HY(1)= 0. )

Here p is the spectral parameter. Leg(x), q(Xare real functionsh,H are real

numbers andy,(x), (X 0 W[0,].

In recent years, several authors have taken ams@eyeoblem approach to the problem
(2)-(2) (for Example [7-9]). The novelty of this thed lies in the use of nodal points of
the eigenfunctions of (1) as spectral parametergater years, inverse nodal problems
were studied by several authors (see [10-12])his work, we obtain an asymptotic
formula for the nodal points, and prove unigquenelsshe functionqg,(x),h,H by a

dense set of nodal points, the functigy{x) .

2 Asymptotic of the eigenvalues and eigenfunctions

In this section, we investigate the oscillationtbé eigenfunctions corresponding to
large modulus eigenvalues is established.g(et o), C(X, p), S(x, p) be the solutions of
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equation (1) under initial condition€ (0,0)=S'(0,p)=¢(0,0)=1 C'(0,p)=
S(0,0)=0,¢"(0,0)= h. ThenU(¢) =0. The eigenvalues of coincide with the zeros
of its characteristic functiodA(p) = -V ¢(.)Denote

QW =[q(ddt  [q(dd=o. 3)

Using the standard approach (see, e.g., [13]) aneestablish the asymptotics

S(x) = S804 (), @)
where
EIM=0 "), v=01 |-,
and
C(x,p) = cosfox- Q)+ Si”"’xz;)Q(X»f §(0dt7 (x0), )
where 0

1(x0)=0(-2; &%), v=01 ol e,

(p2
uniformly with respect tox0[0,1]. Since ¢(x, p) =C(x,p) +hS(x, p )for |o| -
uniformly in xand using (4), (5) one has (see [14] or chapter [L5] ) :

§(,0) = cosiox = Q oy S 3L (2] a(yay+ o ), ©)
and i
9'(x,p) = (-p+q(X)sin(ox- Q)+ (m%j d() djcosp x QR c% ).

(7)
It follows from (6), (7) that fog| — o,

. 8
M(p)=(p~a()sing~ (1+ H)eo +O € &) ®)
Using (8) by the well-known method (see, for exaamfl3]) one has that f¢n| - 0,

e HH oL
pn_nn+ nn__ql(l)-l_o(nz) (9)

The eigenfunctions of the boundary probleim have the formy, (x) =¢(x,4, )
Substituting (9) into (6) we obtain the followingyaptotic formulae for|n| -
uniformly in x (see [16]):
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Ya(X) = cos(vrx— Q(X))- sin(mr x @)r%:(l)

h+ 2

+—~4——sin(nrx— Q(X)) + o(iz)_ (10)
nrr n

3 Computation the nodal points. Inver se problem

For the boundary value problem an analog of Sturm's oscillation theorem is true.
More precisely, the eigenfunctiop, x (Has exactlyn zeros inside the intervgD,1).

1
09
Namely, 0< x} <...< X” < 1. Denotea, =——" Taking (10) into account, we obtain
n

the following asymptotic formulae for nodal poilais|n| - oo uniformly in j:

1.
h+ = Q(x%
1, _h+H '+ﬂ+q)m+q%)_ (11)

Using this formulae, we arrive at the followingsagion.

Theorem 1. Fix xD[O,]]. Choose j, such that x! — xas n - «. Then there exists
finite limits and the corresponding equalities hold

Q) = tim{ g =( ;=) (12)
() = mim{ A =( =) = AR (13)
and

£ () = —(h+ H) x+ h+% Qs (14)

Let us now formulate a uniqueness theorem.

Theorem 2. The specification of any dense subsg¢f O X uniquely determines the
function g,(x) on (0,1)and the coefficients of the boundary conditionse Tanction
0,(x) and numberd, H can be constructed via the formulae

a(x) = Q(X), (15)

h= £(0), H:—f'(x)—h+%q(x), (16)

where f & )is calculated by (13).
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proof. Let a dense subseX,of the nodal points be given. Then for earc[O,]]
choose a sequencé,) O X,such thatx — x as|n - e . Find the functionQ(x) via

(12) and formulate (15)-(16) follow from (3) and4j1 Note that if X = X , then (12)
and (13) yieldQ(x) =Q(x) and f(x) = f(x), x0[0,]. By virtue of (15)-(16), we get

t(x) =G,(x) ae on0,], h=h,H=H.
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